The anomalous Hall effect is deemed to be a unique transport property of ferromagnetic metals, caused by the concerted action of spin polarization and spin-orbit coupling. Nevertheless, recent experiments have shown that the effect also occurs in a nonmagnetic metal (Pt) in contact with a magnetic insulator (yttrium iron garnet (YIG)), even when precautions are taken to ensure there is no induced magnetization in the metal. We propose a theory of this effect based on the combined action of spin-dependent scattering from the magnetic interface and the spin Hall effect in the bulk of the metal. At variance with previous theories, we predict the effect to be of first order in the spin-orbit coupling, just as the conventional anomalous Hall effect -the only difference being the spatial separation of the spin orbit interaction and the magnetization. For this reason we name this effect nonlocal anomalous Hall effect and predict that its sign will be determined by the sign of the spin Hall angle in the metal. The AH conductivity that we calculate from our theory is in good agreement with the measured values in Pt/YIG structures.
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Introduction.− The anomalous Hall (AH) effect is the generation of an electric current perpendicular to the electric field in a ferromagnetic metal [1] . At variance with the ordinary Hall effect, which arises from the action of a magnetic field on the orbital motion of the electrons, the AH effect is ascribed to strong spin-orbit coupling in concert with spin-polarized itinerant electrons. The spin orbit coupling plays a central role in inducing a left-right asymmetry (with respect to the direction of the electric field) in the scattering of electrons of opposite spins. It is this asymmetry that generates a transverse charge current from a longitudinal spin current. The same scattering process generates a pure transverse spin current for systems with spin unpolarized electrons, which is known as spin Hall effect [2] [3] [4] [5] . Based on this picture, the conventional AH effect appears at first order in spin orbit coupling, no matter which kind of microscopic mechanisms predominates.
Recently, an AH signal has also been detected in a Platinum (Pt) layer in direct contact with a YIG layer [6] [7] [8] . The former is a non-magnetic heavy metal with strong spin orbit coupling and the latter is a well-known ferromagnetic insulator. In view of the two aforementioned ingredients for the AH effect in ferromagnets, it is puzzling that an AH current would arise in Pt in the absence of spin polarized conduction electrons. In a first attempt to solve the puzzle, Huang et. al. [6] showed that the Pt layer in close proximity with YIG acquires ferromagnetic characteristics, which essentially subsumes the novel AH effect under the conventional AH effect for ferromagnetic metals. This explanation ran into difficulties when it was found that the AH effect persists in Pt/Cu/YIG trilayers [9] where the Cu layer is deliberately inserted to eliminate the magnetic proximity effect.
An alternative explanation was then proposed [9, 10] , based on the physical mechanism depicted in panel (a) of Fig. 1 . In this mechanism the applied charge current j x generates, via the spin Hall effect, a spin current Q y z propagating in the z−direction with spin along the y− direction. When those electrons carrying Q y z are reflected back from the magnetic interface, spin rotation occurs and gives rise to a spin current of Q x z , which in turn induces a transverse charge current j y via the inverse spin Hall effect [11, 12] . Based on this picture, the transverse electric current is of second order in the spin orbit coupling or spin Hall angle, which is qualitatively different from a conventional AH current. It is worth mentioning that a fit to the experimental data based on this model [7, 10] , requires a spin diffusion length on the order of 1 nm. Such a short spin diffusion length, an order of magnitude smaller than the room-temperature electron mean path of Pt [13] , casts doubt on the internal consistency of the spin diffusion model.
In this paper, we propose a different mechanism for the AH current observed in hybrid heavymetal/ferromagnetic-insulator structures. The essential new ingredient is the scattering of electrons from the (rough) metal-insulator interface. Because the insulator is magnetic, the scattering rate is spin-dependent (see Appendix B for a proof). This means that a charge current flowing parallel to the interface is partially converted to a spin current, while a spin current flowing parallel to the interface is partially converted to a charge current. The surface-induced conversion of charge to spin current and viceversa conspires with the spin Hall effect in the bulk of the metal to produce the observed AH current. This may happen in two ways: in the first process, (b1), the charge current j x generates, via spin-dependent interfacial scattering a spin current Q z x , which subsequently gives rise to the transverse spin polarized current j y via the inverse spin Hall effect; in the second process, (b2),
Schematics of two different mechanisms of the AH effect in heavy-metal (HM)/ferromagnetic-insulator (FMI) bilayers: (a) the spin Hall AH mechanism and (b) nonlocal AH mechanism with two coexisting physical processes depicted separately in panels b1 and b2. The curved arrows represent the trajectories of electrons upon spin orbital scattering and the dotted arrows stand for spin dependent scattering at the magnetic interface.
the applied charge current j x first generates, via spin Hall effect, a transverse spin current Q z y , which is then turned into a spin polarized current j y due to spin dependent interfacial scattering. Both physical processes involve spin orbit scattering only once (through the spin Hall effect) and hence the resulting AH current is of first order in the spin orbit coupling or spin Hall angle. As a matter of fact, this AH effect has the same physical nature as its conventional counterpart in bulk ferromagnets, and differs from the latter only in the spatial separation of the spin orbit interaction and the magnetization: it is for this reason that we name it nonlocal AH effect.
Compared to the double spin Hall effect mechanism proposed in Refs. [9, 10] , our proposal replaces one of the spin Hall steps, the first or the second, by a spindependent interfacial scattering. This leads to a good quantitative description of the transverse current without the need of introducing an exceedingly small spin diffusion length, as we will show in details in the remainder of the paper. In fact, our mechanism survives in the limit of infinite spin diffusion length, while the double spin Hall effect mechanism vanishes in that limit [10] . In addition, the new mechanism has distinctive features that can be tested experimentally, the most striking one being the sign of the effect, which we predict to track the sign of the bulk spin Hall angle.
Linear response theory−Let us consider a metal/insulator bilayer as shown in Fig. 1 with an external electric field applied in the x−direction (i.e., E ext = E extx ) and with the magnetization of the insulator layer pointing in the z direction, i.e., m =ẑ. We also assume that both surfaces of the metal are rough, but on the average translational invariance is recovered so that the transport properties are independent of x and y coordinates. The linear response of current densities to spin dependent electric fields can be written as follows
where j (z) = (j x , j y ) is the in-plane current density (note that j z = 0 everywhere in the metal layer due to the open boundary conditions), Q = (Q 
. While C 0 is an ordinary in-plane conductivity, C s describes the generation of an in-plane spin current from an electric field in the presence of surface scattering. As we show below, C s is the essential ingredient of our theory, producing an AH current of first order in the spin Hall angle. On the other hand, C r and C r -respectively the real and the imaginary part of the spin-mixing conductance [14] -contribute only to second order. In particular, C r is the essential ingredient of the spin Hall mechanism of the AH effect [10] .
In the presence of the spin-orbit scattering, the driving electric fields E, E , E ⊥ are self-consistently determined by the internal current densities as follows
where ρ sh ≡ ρ 0 θ sh with ρ 0 being the Drude resistivity and θ sh the spin Hall angle of the metal layer. Solving the system of linear equations (1) and (2), we obtain a general expression for the AH current density up to O θ
where {, } represents the anticommutator of the two integral operators. Note that with finite C s the AH effect appears already at the first order of θ sh . The two orderings of C 0 and C s in the anticommutator of Eq. (3) correspond to the processes b1 and b2 of Fig. 1 . The second term on the right hand side of Eq. (3) corresponds to the spin Hall AH effect which is of second order in θ sh and is proportional to the imaginary part of the spinmixing conductivity kernel. In what follows, we employ the Boltzmann transport theory to explicitly construct the integral kernels C 0 and C s in the presence of a rough magnetic interface. Boltzmann theory−To quantitatively describe the nonlocal AH effect in a heavy metal thin layer with an external electric field applied in the x−direction (see Fig. 1(b) ), we make use of the spinor Boltzmann equation in the relaxation time approximation [3, [15] [16] [17] 
wheref 0 andf (k,z) are 2 × 2 matrices represent respectively the equilibrium and nonequilibrium spinor distribution functions,
is the angular average of the distribution and ι (k, z) ≡ (1/4π) dΩ k e kf (k,z) is its dipolar moment, with e k the unit vector of k. Non-spin-flip and spin-slip processes are included, with τ and τ sf being the momentum and spin relaxation times respectively. The additional source term τ
so is the spin-orbit scattering rate, is responsible for the spin Hall effect [18] [19] [20] . It is this term that generates the currentdependent fields in Eq. (2) .
The crucial step in our theory is the description of spindependent interfacial scattering via boundary conditions for the distribution function. For the interface (at z = 0) between the heavy metal and the ferromagnetic insulator, we impose the following generalized Fuchs-Sondheimer boundary condition [21] ,
where h.c. represents hermitian conjugate which ensureŝ f + to be an hermitian,Î is the 2 × 2 identity matrix, f = (2π) −1 dφ kf with φ k the k-space azimuthal angle, and bothŝ andR are 2 × 2 matrices in spin space which are responsible for spin dependent specular reflection and spin rotation of incident electrons. The matrixR, satisfyingR †R =Î, is the reflection amplitude matrix which captures the spin rotation of electrons that are specularly reflected from the magnetic interface (Note that we assume such a coherent spin rotation does not occur for the diffusively scattered electrons). The explicit form ofR can be determined by electron wave function matching subject to the following spin-dependent potential barrier
where V b is the averaged potential barrier of the insulator, J ex measures the spin splitting of the energy barrier,σ z is the z−component of the Pauli spin matrices, and Θ (z) is the unit step function. Explicitly,R takes the following form (see Appendix B for the derivation)
where
(we have let = 1 for notation convenience) and m * e being the electron effective mass. The matrixŝ, on the other hand, is introduced to describe the averaged effects of spin dependent scattering at the magnetic interface due to roughness, impurities, etc. In general, we write [22, 23] 
where s 0 ≡ s ↑ + s ↓ /2 is the average of the specular reflection coefficients s ↑ and s ↓ for spin-up and spin-down electrons with "up" and "down" defined with respect to m (=ẑ), and p s ≡ s ↑ − s ↓ / s ↑ + s ↓ is their asymmetry. A simple model calculation for the rough interface yields (see Appendix B for the detailed calculation), to the lowest order in J ex /V b , the specular reflection asym-
is negative, meaning that more spin-down electrons are specularly scattered than spin-up electrons, for the former encounter a higher energy barrier. Also, we notice that a rough magnetic interface is essential for the spin asymmetry of the specular reflection coefficients: for an ideally flat interface, both s ↑ and s ↓ are exactly equal to one, and no charge/spin conversion can occur.
For the outer surface at z = d, we assume, for simplicity, that the scattering is diffusive, i.e.,
Note that the boundary conditions given by Eqs. (5) and (9) demand that both charge and spin currents flowing along the z-direction vanish at the outer (non magnetic) surface, whereas only the charge current and the z-component of the spin current flowing along the zdirection vanish at the magnetic surface. By solving the Boltzmann equation (4) with the boundary conditions given by Eqs. (5) and (9), we have calculated the current densities in the heavy-metal layer. Up to first order in θ sh (≡ τ /τ so ), the Hall current density can be expressed as follows
(10) where l e is the electron mean free path, the nonlocal integral kernels c s (z, z ) and c 0 (z, z ) are given by 
with their spatial averages defined asc 0 (z)
The nonlocality of the AH effect, i.e., the spatial separation of the spin-orbit scattering and the magnetization, is clearly reflected in the structure of these integral kernels which depend on the relative distance between the current and field points as well as the distance of their center of mass coordinate from the interface. Equations (10)- (12) are the main results of this paper.
One of the most remarkable features of the nonlocal AH effect is that it appears at the first order of the spin Hall angle, which is distinctly different from the spin Hall AH effect which occurs at the second order. Since p s is negative, the directions of the nonlocal AH and the spin Hall AH currents would be the same for positive θ sh but the opposite for negative θ sh , as can be seen from Eq. (3). Furthermore, the nonlocal AH is independent of spin diffusion and thus is present in both ballistic and diffusive regimes, whereas the spin Hall AH effect vanishes as the thickness of the metal layer becomes much smaller than the spin diffusion length [10] .
The total AH current can be calculated from Eq. (10) by integrating the AH current density over the thickness of the layer, i.e., I where the factor of 2 shows that the two physical processes that we described in Fig. 1b contribute equally to the total AH current. In Fig. 2 , we show the thickness dependence of the total AH current for several values of the specular reflection coefficient. We find that I ah y begins to saturate when the thickness reaches the electron mean free path. Also, we note that the saturation current is smaller for a smoother surface (larger s 0 ), as expected from the above discussions.
Experimentally, a most relevant quantity is the ratio of the spatially averaged AH resistivity to the longitudinal resistivity, i.e., θ ah ≡ρ In Fig. 3 , we show the thickness dependence of θ ah for several values of the specular reflection coefficient s 0 . For d l e , θ ah tends to zero, becauseρ xx (d) increases with decreasing layer thickness. In the opposite limit of d l e , θ ah also diminishes since the nonlocal AH effect is essentially an interface effect, which saturates for thicknesses larger than the electron mean path. By choosing the following parameters for a Pt (7 nm)/YIG bilayer at room temperature: θ sh = 0.05 [24] , s 0 = 0.6, J ex = 0.01 eV [25] , V b = 12 eV and l e = 20 nm [13] , we estimate the AH angle arising from our mechanism to be about 1.3 × 10 −5 , which is in good agreement with experimental observations [6, 7] .
As a final point, we suggest a crucial verification of our mechanism by contrasting the directions of the Hall current (or the signs of Hall voltages) of two trilayer structures Pt/Cu/YIG and β-Ta/Cu/YIG. Since the spin Hall angles of Pt and β-Ta are of opposite signs [26] [27] [28] we predict that the Hall current directions in these two trilayers will be opposite. A Cu layer, thinner than the electron mean free path, may be inserted between the heavy-metal and the magnetic insulator in order to eliminate the magnetic proximity effect, while the nonlocal AH effect will still be operative.
In this section, we prove that the specular reflection coefficient s is spin-dependent for a rough metal/magneticinsulator interface. In the absence of interface roughness, the bilayer can be modeled as a simple spin-dependent step potential as given in Eq. (A1), the corresponding free electron Green's function (setting = 1) reads
where z < 0 and z < 0, k z = 2m * e E − q 2 with E the total kinetic energy and q the in-plane momentum, and the reflection amplitude for electron with spin σ is given by Eq. (A4). Now we model a rough interface by a set of randomlydistributed impurities localized at the interface (z = 0) with δ-correlated potential V imp (r) satisfying the following properties [29] [30] [31] V imp (r) = 0
and
where denotes the impurity ensemble average and γ describes the amplitude of the fluctuation. Up to first order in γ, the impurity-averaged Green's function reads [30] 
By placing Eq. (B1) into Eq. (B4), we find
where U σ b ≡ V b − σJ ex is the spin-dependent barrier. Comparing Eq. (B5) with Eq. (B1), we identify the effective reflection amplitude in the presence of the surface roughness asR
Up to O (γ), the reflection coefficient is
with the surface spectral function defined as A σ (0; E) = −2 m N σ (0; E). We thus identify the specular reflection coefficient as
By placing Eq. (B1) into Eq. (B8) and carrying out the integration over in-plane momentum q, we obtain an explicit expression for s
(B9) where we have replaced the total kinetic energy E by the Fermi energy and kept term up to O (J ex /V b ). Therefore, we have shown that the specular reflection coefficient is indeed spin-dependent. We also note that s σ is in general dependent on the direction of the incident momentum. For brevity, we shall work with an angle-averaged specular reflection coefficient, i.e., 
Interestingly, we note the p s has a negative sign; in other words, the specular reflection coefficient for spin-up electrons is smaller than that of the spin-down electrons as the latter encounter a higher barrier. Eliminating the parameter γ from Eqs. (B11) and (B12), we find an approximate relation between s 0 and p s
This relation is valid for a moderately rough interface, i.e., s 0 1.
